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ON THE SOLUTIONS OF A LEBESGUE - NAGELL
TYPE EQUATION
SANJAY BHATTER, AZIZUL HOQUE AND RICHA SHARMA
Abstract. We find all positive integer solutions in x, y and n of
x2 + 192k+1 = 4yn for any non-negative integer k.
1. Introduction
Lebesgue - Nagell type equations are of the form
x2 +D = λyn, (1.1)
where D and λ are fixed positive integers, and a solution is given by
a triple (x, y, n) of positive integers. Many special cases of (1.1) have
been considered over the years, but all most all the results for general
values of n are of fairly recent origin. The earliest result is due to P.
de Fermat who had shown that for n = 3 (1.1) has only one solution,
viz. (x, y) = (5, 3) when λ = 1 and D = 2. There are many interesting
results on the integer solutions of (1.1) when λ = 1. The first result in
this case is due to V. A. Lebesgue [18], who proved that (1.1) has no
solutions in positive integers x, y and n when D = 1. For D > 1 and
for λ = 1, (1.1) has been extensively studied by several authors and in
particular, by J. H. E. Cohn [15, 16], A. Hoque and H. K. Saikia [17],
and M. Le [9, 10]. We also refer to [16] for a complete survey on (1.1)
when λ = 1. In [16], J. H. E. Cohn solved (1.1) completely for 77 values
of D ≤ 100 in the case of λ = 1. M. Mignotte and B. M. M. de Weger
[19] solved (1.1) for D = 74, 86 and λ = 1. Also M. A. Bennett and C.
M. Skinner [11] treated (1.1) when D = 55, 95 and λ = 1. Recently, Y.
Bugeaud, M. Mignotte and S. Siksek [12] studied (1.1) completely for
the remaining 19 values of D ≤ 100 when λ = 1.
The equation (1.1) is naturally well connected with the investigation
of the class number of the imaginary quadratic number field Q(
√−D).
The solvability of some special cases of (1.1) has been used in [13, 14] to
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investigate the class numbers of certain imaginary quadratic number
fields. In [1], S. A. Arif and F. S. A. Muriefah proved for the case
(D, λ) = (32ℓ+1, 1) that (1.1) has only one solution, given by (x, y, n) =
(10× 33m, 7× 32m, 3) only when ℓ = 2+ 3m with some integer m ≥ 0.
F. Luca [6] extended this result, and solved (1.1) completely for the
case (D, λ) = (3ℓ, 1). This result was further generalized by S. A.
Arif and F. S. A. Muriefah in [2], and A. Be´rczes and I. Pink in [4]
to the case (D, λ) = (pℓ, 1) for certain primes p and integers ℓ. In
[21, 23], the authors considered (1.1) for the case (D, λ) = (d2ℓ+1, 1),
where d > 0 is a square-free integer, and solved it completely under the
assumption that the class number of Q(
√−d) is 1 apart from the case
d ≡ 7 (mod 8) in which y was supposed to be odd. In a recent work,
A. Be´rczes and I. Pink [5] extended the result of [21] to the case: class
number of Q(
√−d) is either 2 or 3. For the case λ = 2, Sz. Tengely
[22] considered (1.1) when D = p2q with p and q > 3 odd primes,
and proved that it has finitely many solutions in x, y, p, q under the
assumption that y is restricted to the set of integers which are not the
sum of two consecutive squares. A more general version of this case
was closely studied by F. S. A. Muriefah, F. Luca, S. Siksek and Sz.
Tengely in [20] when D ≡ 1 (mod 4). On the other hand for the case
λ = 4, F. Luca, Sz. Tengely and A. Togbe´ [7] studied the solutions in
positive integers x, y, n of (1.1) when D ≡ 3 (mod 4) with D ≤ 100.
They also determined all possible solutions in positive integers x, y, n
when D = 7a × 11b × 13c, with a, b, c ≥ 0 such that min{b, c} = 0.
In this paper, we investigate the solutions (x, y, n) of (1.1) in positive
integers when (D, λ) = (192k+1, 4) for any non-negative integer k. More
precisely, we prove:
Theorem 1.1. Let k ≥ 0 be an integer. The Diophantine equation
x2 + 192k+1 = 4yn (1.2)
has no solutions in positive integers x, y, n except
(x, y, n) ∈
{(
19t × 19
2(k−t)+1 − 1
2
, 19t × 19
2(k−t)+1 + 1
4
, 2
)
, (559× 197m, 5× 192m, 7)
}
with t,m ∈ Z≥0 satisfying k = 7m in case of the second solution, and
n 6= 1. For n = 1, it has infinitely many solutions in positive integers
x, y, n.
We use elementary arguments and some properties of Lucas numbers.
Let us suppose α and β be two algebraic numbers satisfying:
• α + β and αβ are nonzero coprime rational integers,
• α
β
is not a root of unity.
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Then the sequence (un)
∞
n=0 defined by
un =
αn − βn
α− β , n ≥ 1,
is a Lucas sequence. If, instead of supposing that α + β ∈ Z , we only
suppose that (α + β)2 is a non-zero rational integer coprime prime to
αβ, then the Lehmer sequence (un)
∞
n=0 associated to α and β is defined
by
un =
{
αn−βn
α−β if n is odd,
αn−βn
α2−β2 if n is even.
We say that a prime number p is a primitive divisor of a Lucas number
un if p divides un but does not divide (α − β)2u2 · · ·un−1. Similarly, p
is a primitive divisor of a Lehmer number un if p divides un but not
(α2 − β2)2u3 · · ·un−1.
2. Proof of Theorem 1.1
It is clear from (1.2) that both x and y are odd for n ≥ 1. We first
treat the case when n = 1. In this case, (1.2) becomes
x2 + 192k+1 = 4y. (2.1)
As x is odd, let x = 2t + 1 for any non-negative integer t. Then (2.1)
gives y = t2 + t + 1+19
2k+1
4
. Since 1+19
2k+1
4
is an integer, so that (2.1)
has infinitely many solutions in positive integers x and y due to the
infinitely many choice of t. In fact, all these solutions are given by the
following parametric form:{
x = 2t+ 1,
y = t2 + t + 1+19
2k+1
4
, where t ∈ Z≥0.
Next we look at the case when n is even and 19 ∤ x. In this case, (1.2)
can be written as
192k+1 = (2ym − x)(2ym + x), (2.2)
where n = 2m. If gcd(2ym − x, 2ym + x) 6= 1, then (2.2) gives that
19 divides both 2ym − x and 2ym + x which imply 19 | x. This is a
contradiction. Thus gcd(2ym − x, 2ym + x) = 1, and hence (2.2) gives
2ym − x = 1 (2.3)
and
2ym + x = 192k+1. (2.4)
Substrating (2.4) from (2.3), and then reading modulo 3, we see that
x ≡ 0 (mod 3). Further reading (2.3) modulo 3, we see that ym ≡ 2
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(mod 3). This shows that m is odd and y ≡ 2 (mod 3). Thus (2.2)
can be written as
x2 + 192k+1 = 4Y m
with Y = y2. This is treated by the next case, and we see that it does
not contribute any solution in positive integers x, y, n, except the case
m = 1. For m = 1, (2.3) and (2.4) together imply
(x, y) =
(
192k+1 − 1
2
,
192k+1 + 1
4
)
.
We now treat the case when n is odd and 19 ∤ x. For this case, we
can consider without loss of generality that n = p for some odd prime
p. Thus (1.2) becomes,
x2 + 192k+1 = 4yp. (2.5)
As the class number of Q(
√−19) is 1, we have the following factoriza-
tion,
(x+ 19k
√−19)(x− 19k√−19) = 4yp.
This can be rewritten as:(
x+ 19k
√−19
2
)(
x− 19k√−19
2
)
= yp.
It is easy to see that gcd
(
x+19k
√−19
2
, x−19
k
√−19
2
)
= 1 since 19 ∤ x. Thus
we can write(
x+ 19k
√−19
2
)
=
(
a+ b
√−19
2
)p
, a ≡ b (mod 2) (2.6)
satisfying
y =
a2 + 19b2
4
.
Since the only units in the ring of integers of Q(
√−19) are ±1, these
can be absorbed into the p-th power.
If both a and b are even then y is also even which is a contradiction.
Thus both a and b are odd integers.
Equating the imaginary parts in (2.6), we obtain
2p−1(19)k = b
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1(−19)r(b2)r (2.7)
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with gcd(19, a) = 1. We now discuss (2.7) in three cases.
Case i. b = ±1. In this case (2.7) gives
± 2p−1(19)k =
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1(−19)r. (2.8)
If k = 0, then (2.8) becomes
±2p−1 =
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1(−19)r. (2.9)
We will treat (2.9) later.
Let us suppose k > 0. Then it is easy to see from (2.8) that p = 19
since gcd(19, a) = 1. Thus dividing both sides of (2.8) by 19, and then
reading modulo 19, we deduce that k = 1 and only the positive sign
holds. More precisely, we have
2p−1 = ap−1 −
p−1
2∑
r=1
(
p
2r + 1
)
ap−2r−1(−19)r−1. (2.10)
This is a particular case of (2.11).
Case ii. b = ±19t with 0 < t < k. Then (2.7) implies
±2p−119k−t =
p−1
2∑
r=1
(
p
2r + 1
)
ap−2r−1(−19)r(192t)r.
We reduce this equation modulo 19 and derive as before that, p = 19.
Then dividing by 19, we note that k − t− 1 = 0 and only the positive
sign holds. Consequently,
2p−1 = ap−1 −
p−1
2∑
r=1
(
p
2r + 1
)
ap−2r−1(−19)r−1(192r)k−1. (2.11)
It is noted when k = 1, (2.10) is same as (2.11).
We now prove that (2.11) does not hold when p = 19. Here, p ≡ 3
(mod 4) so that p = 3 + 2sm, where s ≥ 2 and (2, m) = 1.
Considering (2.11) modulo 2s+1, we get
0 ≡ ap−1 −
(
p
3
)
ap−3192t + (−19) p−12 (192t) p−12 (19)−1 (mod 2s+1).
The first term is (using Euler’s theorem)
ap−1 ≡ a2 (mod 2s+1).
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Similarly, the second term is(
p
3
)
ap−3 ≡ 1 + 2s−1m (mod 2s+1) ≡ 1 + 2s−1 (mod 2s+1).
Using this as before with the observation that 2at ≡ 2a (mod 2a+1) if
t is odd, the third term is
(−19) p−12 (192t) p−12 (19)−1 ≡ −192t (mod 2s+1), where t > 0.
Hence
0 ≡ a2 − (1 + 2s−1)192t − 192t (mod 2s+1).
This implies that
a2 ≡ 192t(2 + 2s−1) (mod 2s+1)
which is not possible since a is odd and gcd(19, a) = 1.
Case iii. b = ±19k. In this case (2.7) gives
±2p−1 =
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1(−19)r(192k)r. (2.12)
If k = 0, we get (2.9). Earlier, we have shown that to solve (1.2), it
suffices to consider (2.7), where a is odd integer, b = ±19k and a, p
and 19 satisfy (2.12).
Let α = a+19
k
√−19
2
. Then
αp − α¯p
α− α¯ = ±1, (2.13)
where α¯ is the conjugate of α. It is obvious that α and α¯ are algebraic
integers. We also have α + α¯ = a and αα¯ = a
2+192k+1
4
= y since
b = ±19k. Furthermore , since a2+192k+1
4
= y, so that 192k+1 | gcd(y, a).
Thus 19 ∤ y and hence gcd(y, a) = 1. Therefore α + α¯ and αα¯ are
coprime. We also observe that α
α¯
6∈ {±1}, the set of roots of unity in
Q(
√−19). Thus (α, α¯) is a Lucas pair and hence up = αp−α¯pα−α¯ is a Lucas
number. Using [3], we see that up has primitive divisors for all primes
p > 13, which contradicts to (2.13) and thus (2.7) has no solution for
all primes p > 13.
Also if p ∈ {5, 7, 11, 13}, then there are Lucas pairs (α, α¯) for which
up does not have primitive divisors. We consider each p separately.
For p = 13, the only Lucas pair without primitive divisors belongs
to Q(
√−7) and so it is not possible.
Also for p = 11, there is no Lucas pair without primitive divisors.
Thus there do not exist any solution for p = 11, 13.
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Again for p = 7, the only Lucas pair of the required form is (α, α¯)
where α = 1−
√−19
2
. In such a situation we have a = 1 and k = 0.
Now using (2.7), we see that the only possible solution is (x, y, p) =
(559, 5, 7). Thus we get a solution of (2.5) only when k = 0 which is
(x, y, p) = (559, 5, 7).
Further for p = 5, there is no Lucas pair (α, α¯) without primitive
divisors of the desired form α = a+ 19k
√−19 with odd a.
Finally for p = 3, equating real and imaginary parts in (2.6), we
obtain
4x = a3 − 57ab2 (2.14)
and
4× 19k = 3ab − 19b3. (2.15)
If both a and b are even then (2.14) implies 2 | x which is a contradic-
tion. Again if both a and b are odd then reading (2.15) modulo 3, we
obtain b ≡ 2 (mod 3). Thus we can write b = 3r + 2 for some integer
r, and then replacing this value in (2.15), we get
4× 19k = 9a2r + 6a2 − 19(27r3 + 54r2 + 36r + 8).
Reading this modulo 9, we arrive at 4 ≡ 6a2−8 (mod 9). This further
implies a2 ≡ 2 (mod 3) which is not possible. Thus we complete all
the above cases.
The only remaining case to treat is 19 | x. Let x = 19sX , and
y = 19tY such that gcd(19, X) = gcd(19, Y ) = 1 with positive integers
s and t. Then (1.2) becomes
192sX2 + 192k+1 = 4(19)tnY n. (2.16)
We encounter this equation with three possibilities. Let 2k + 1 =
min{2s, 2k + 1, tn}. Then (2.16)
19(19s−k−1X)2 + 1 = 4Y n(19)tn−2k−1.
Again utilising previous technique we read it modulo 19, and conclude
that tn− 2k − 1 = 0. Thus
19(19s−k−1X)2 + 1 = 4Y n.
This equation has no solution using [9].
If nt = min{2s, 2k + 1, nt}. Then
192s−ntX2 + 192k−nt+1 = 4Y n.
This relation holds only if 2k−nt+1 = 0 or if 2s = nt. If 2k−nt+1 = 0,
then
192s−ntX2 + 1 = 4Y n.
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Thus as in the previous case, it has no solution. Again if 2s = nt, then
X2 + 192(k−s)+1 = 4Y n.
This equation has no solution by the previous cases, except the cases
when n = 2, and k = s for n = 7.
For n = 2, we have s = t and thus by a previous case (where 19 ∤ x
and n even) we see that
(X, Y ) =
(
192(k−t)+1 − 1
2
,
192(k−t)+1 + 1
4
)
.
This shows that (x, y, 2) =
(
19t × 192(k−t)+1−1
2
, 19t × 192(k−t)+1+1
4
, 2
)
is
also a solution of (1.2) for some non-negative integer t.
Again for n = 7, we have 2s = 7t and thus 7|s. So we can write
s = 7m for some non-negative integer m. Therefore by a previous case
(where 19 ∤ x and n odd), the solution of this equation is (X, Y ) =
(559, 5). This shows that (x, y, n) = (559× 197m, 5× 192m, 7) is also a
solution of (1.2) for some integer m ≥ 0.
Finally 2s = min{2s, 2k + 1, tn}. Then
X2 + 192(k−s)+1 = 4Y n × 19tn−2s.
Considering this equation modulo 19, we get tn = 2s. Hence
X2 + 192(k−s)+1 = 4Y n.
This is same as the last case. Thus we complete the proof.
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